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Reference Values of the Dielectric Constant of Natural
Gas Components Determined with a Cross Capacitor
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A novel toroidal cross capacitor was used to measure accurately the dielectric
polarizability ¢(p) (ie., the dielectric constant as a function of the pressure) of
helium, argon, nitrogen, methane, and carbon dioxide at 7=50°C. The data
extend up to 7 MPa (5 MPa for CO,) and may be useful for calibrating on-line,
capacitance-based systems that are designed to measure the heating value of
natural gas. The uncertainties of ¢ and p are 4 x 10~¢ and (3.0 x 10 ~°p + 84 Pa),
respectively. The properties of helium that had been calculated ab initio from
quantum mechanics were used to verify that the cross capacitor deformed in a
predictable manner under hydrostatic (gas) pressure. Thus, a common cause of
systematic errors in measuring the dielectric constant of gases was avoided. For
helium, the rms deviation of &( p) from the calculations was only 2.7 x 10~7. This
suggests that the estimated uncertainty is very conservative.

KEY WORDS: argon; carbon dioxide; cross capacitor; dielectric constant;
dielectric polarizability; helium; methane; molar polarizability; natural gas;
nitrogen; reference data.

1. INTRODUCTION

Accurate measurements of the dielectric polarizability [i.e., the dielectric
constant ¢(p, T)] are an important part of a program to determine the
heating value of natural gas in pipelines from on-line measurements [1].
The planned on-line measurements will determine (p, 7') from the resonance
frequency of a gas-filled, reentrant cavity used as the frequency-determining
element of an electromagnetic oscillator. Here, we provide values of ¢(p)
for helium, argon, nitrogen, methane, and carbon dioxide at 7=50°C and
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at pressures p up to 7 MPa (5 MPa for CO,). We believe that the present
data are the most accurate data available for these conditions. Thus, they
can be used to calibrate reentrant cavity oscillators and to test them for
systematic errors.

One of the present authors helped develop reentrant cavities for
measuring the ¢(p, T') of gases and also of weakly conducting liquids such
as water [ 2, 3]. During the development process, it became clear that re-
entrant cavities should be calibrated and tested to account for three effects:
(1) the deformation of the cavity under the pressure of the test fluid, (2) the
presence of dielectric layers on the metal surfaces of the cavity, (e.g., a per-
manent oxide, a deposited oil film, or an adsorbed layer of gas), and (3)
the frequency dependence of the circuit model for the reentrant cavity.
(Frequency-dependent quantities include the electromagnetic penetration
depth, the coupling to the external circuitry, and the magnetic suscep-
tibility of some metals.) In the present work, the values of ¢(p, T') are not
subject to the errors from these three effects. The first effect was minimized
by design, then calculated, and, finally, confirmed by measurement. The
second and third effects are very small.

The present data were obtained using a toroidal cross capacitor. In its
simplest form, a cross capacitor is composed of four conducting cylindrical
electrodes separated by small, insulating gaps and arranged to form a
closed surface [4, 5]. The cross capacitance C, is the average (with weight
w [6]) of the two capacitances measured between opposite pairs of elec-
trodes. In the notation of Fig. 1,

Ci=wCrg+ (1 —w) Cio (1)

An appropriate choice of w compensates for many possible problems. For
example, if a thin oil layer were deposited on the bottom electrode, it
would tend to increase Crg and decrease Ciq. If the cross capacitor were
suitably designed, a uniform dielectric layer of thickness ¢ would change C,
in proportion to (z/h)% where h is the distance between opposite pairs of
electrodes. In contrast, the same diclectric layer would change the
capacitance of a reentrant cavity in proportion to (¢/k). For this work, the
sensitivity to dielectric layers is even smaller because % is much larger than
the gap of a typical reentrant cavity (9.5 mm versus 1 mm).

In Section 2, we describe the cross capacitor, emphasizing the calcula-
tion of its deformation under hydrostatic pressure. Section 3 describes the
instruments, materials, and procedures that were used to make the
measurements and the contributions of each to the uncertainty of the final
results. We note that the capacitances Crg and C;o were measured with a
bridge operating at the low frequency of 1 kHz; thus, it was not necessary
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Fig. 1. Schematic cross section of the toroidal cross capacitor. The washer-shaped top and
bottom electrodes comprise the capacitor Cyp~0.72 pF. The tube-shaped inner and outer
electrodes comprise the capacitor C;o~0.52 pF. The grounded shield that surrounds these
electrodes is shown in Fig. 2. The dimensions were s ~ 0.15 mm, r; ~ 45 mm, ro ~ 55 mm, and
h=~9.5 mm.

to make assumptions about the frequency dependence of the electro-
magnetic penetration depth. Section 4 discusses tests of the performance of
instruments and the cross capacitor that we made while the capacitor was
under vacuum and under pressure from helium. These tests used some
properties of helium calculated ab initio from quantum mechanics as a
standard. The tests demonstrated that the pressure dependence of C, was
consistent with the model of the cross capacitor. We urge all who make
accurate measurements of ¢(p, T') to conduct similar tests.

In Section 5, we tabulate the reference data for ¢(p) for each gas. In
Section 6, we compare the present results with results from the literature.
For methane, this is done graphically. For argon, nitrogen, and CO,, the
comparison is made using the dielectric virial coefficients 4, and b that
appear in the expansion of the molar polarizability ¢ as a function of the
molar density p:

e—1\1 R
@(p,T>—<8+2>p—Ag<1+bp+cp Fe 2)

In general, the coefficients A4,, b, c,... are temperature dependent. The tem-
perature dependence of A, is small; for the monatomic gases, it is too small
to measure. (Some authors define the “dielectric virial coefficients” by
B,=A,b, C.,=A,c, etc. With the present definition, it is easy to compare
the dielectric virial coefficients with the density virial coefficients.) We
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believe that our values of A, are more accurate than previously published
values. Our values of b are consistent with many published values;
however, they may be less accurate than the published values that were
obtained using expansion techniques. The reader is warned that if Eq. (2)
is used with parameters from Table II and an equation of state to calculate
&(p, T), the results will be less accurate than our &(p, T') data, unless the
equation of state is the same as that used here to determine A4,, b, and c.

2. CROSS CAPACITORS

In a recent publication, we described two toroidal cross capacitors,
designated C; and C,,that were designed for measuring the dielectric con-
stant of gases [7]. There, we discussed details of their construction, tests
of their performance, and lessons learned. In the present work, we used
capacitor C; without modification. However, we replaced the pressure
vessel with a new one that could be used up to 10 MPa. Here, we limit the
discussion to a few general remarks and a discussion of the deformation of
the cross capacitor under hydrostatic pressure.

2.1. General Remarks

Since the 1960s, national metrology institutes have used large (of the
order of 1 m long), evacuated cross capacitors as impedance standards to
realize the ohm. Subsequently, Shields [8] used a toroidal cross capacitor
as a standard for the absolute measurement of the loss angle of conven-
tional capacitors and also to verify that cross capacitors are insensitive to
dielectric films on their electrodes. Despite this long history, we have not
found earlier measurements of the dielectric constants of fluids that used
cross capacitors. There are several reasons for this. First, cross capacitors
are more complicated to manufacture than other capacitors, because they
must have at least four electrodes that are insulated from one another.
Second, an array of very well-shielded switches is required to connect each
electrode pair to a bridge while its capacitance is being measured and then
to ground while the capacitance of the other pair is being measured. Third,
cross capacitors have very low capacitances. In vacuum, the capacitance is
Cy=(60In2)/m=1953549... pF per meter of length, where the electric
constant &,=8.854 187817..x 107> F.m~!. Finally, two measurements
of capacitance are required to determine each value of C,. Thus, each
measurement of C, takes more time.

The cross capacitor used in this work is shown in Figs. 1 and 2. It was
composed of four coaxial electrodes, each having a rectangular cross section.
The four electrodes were arranged to enclose a toroidal volume with a nearly
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Fig. 2. Scale drawing of a section of the cross capacitor within its
pressure vessel. Coaxial cables are sketched.

square cross section. The two electrodes designated “top” and “bottom” were
shaped like washers. The two electrodes designated “inner” and “outer” were
tube-shaped. All four electrodes were made from superinvar, an alloy chosen
for its very small coefficient of thermal expansion. Sapphire balls were used
to insulate the electrodes from each other and to support the bottom elec-
trode on a grounded, superinvar base. The electrodes were surrounded by
a grounded aluminum shield that was separated from the top electrode by
sapphire balls. The entire electrode structure was enclosed by the pressure
vessel shown in Fig. 2.

The sapphire balls and superinvar electrodes were assembled into a
kinematically stable structure. Three radial “V” grooves were electro-
discharge machined into the top and bottom electrodes, and three mating
cavities were electrodischarge machined into the inner and outer electrodes.
The electrodes and balls were pressed together by springs.
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Theory [9] has provided several useful results for toroidal cross
capacitors with nearly square cross sections, i.e., cross sections with height
h~width = (ro — ry). These results include

C,=21In2reqef(h/r, s/h)

(3)
Sf(h/r, s/h) =1 —0.04042(h/r)* —0.0017(s/h)* + - --
For our cross capacitor, the average radius of the tori is r = (rg +77)/2 &
50 mm. The cross section of our capacitor deviated from a square. (In
vacuum, Cr5=~0.72 pF and C;5~0.52 pF.) A measure of the deviation is
0 =1 — (height)/(width) ~ 0.05. We used the theoretical result,

C.=21n2repe(1 + 345452+ --.) (4)

to choose the weight w =0.4476 in Eq. (1) such that (0C,/00) = 0. With this
choice, small movements of the top or bottom electrodes with respect to the
inner and outer electrodes changed C, only in the second order. For example,
if the top electrode in Fig. 1 is raised, thereby increasing the gap s by 4s, Ctg
will decrease and C;o will increase. The ratio Crg/Cio ~ 1.38 will decrease;
however, the fractional change in C, will be much smaller, of the order of
s x As/h*. In Section 4.2, we provide evidence that such movement did occur
when the pressure was changed and that the movement did not affect C,
within the resolution of the measurements.

With the asymmetric weighting of Crp and Cjq, the cross capacitance
depends, in the first order, only on the average radius r = (rg +r1)/2 of the
tori. This average is determined solely by the inner radius of the outer elec-
trode and the outer radius of the inner electrode. Each electrode was made
from a superinvar plate, and each was subject to only small external forces
from springs, gravity, and buoyancy. Thus, we expected that the pressure and
temperature dependences of r and C, would be those of superinvar alone.

An effort was made to isolate the cross capacitor from the relatively
large, pressure-dependent deformation of the pressure vessel that enclosed it.
The base of the cross capacitor was supported by three helical springs. Each
spring was wound around a smooth shaft to constrain it. The end of each
shaft was threaded and screwed into a blind, threaded hole in the pressure
vessel. The clearance holes in the base plate were oversized to avoid stressing
the plate.

2.2. Predicted Response to Pressure

If the cross capacitor were completely uncoupled from the pressure
vessel, it would still deform when gas pressure was applied. This deformation



Dielectric Constant of Natural Gas Components 865

was calculated from the geometry of the cross capacitor and the elastic
properties of the materials used to construct it. The calculation was confirmed
by an experimental test: the pressure vessel was filled with compressed
helium at 50°C, &(p) was measured, and the results were compared with
&(p) calculated using ab initio results from quantum mechanics for the
dominant terms. (See Section 4.)

Because C, depends so weakly on the insulating gaps [ Eq. (3)], the
isothermal volumetric compressibility kr = — (0V/dp)1/V of the superinvar
is the material property that determines the pressure dependence of C,. To
measure kp, three small samples were cut out of the superinvar plates
when they were received from the manufacturer. A. Migliori (Los Alamos
National Laboratory) used the well-established technique [ 10] of resonant
ultrasound spectroscopy (RUS) to measure the adiabatic compressibility of
these samples at ambient temperature. The RUS result was kg ' =(1.06 +
0.04) x 10'! Pa, where the standard uncertainty was calculated from the
different results for the three samples. From published thermodynamic data
for superinvar, one can show that the difference between the adiabatic com-
pressibility kg and the isothermal compressibility & is negligible. Also neg-
ligible is the change in kr from 20°C, where it was measured, to 50°C,
where it was used. The superinvar electrodes were heat treated before the
capacitor was assembled. After heat treatment, three additional samples
were cut out of the electrodes; however, the ultrasonic resonances in these
post-treatment samples had quality factors that were too low to use RUS.

Under the hydrostatic pressure p, the deformation of the superinvar
was small and, by assumption, isotropic. Then all linear dimensions and,
thus, C, decreased by the factor k1 p/3. To account for this, the working
equation for ¢ is

C
()= B 14k p) 5)

To estimate the importance of kt, we combine Egs.(2) and (5) and
eliminate the density using the virial equation of state,

p=pRT(14+Bp+ Cp>+Dp3*+ --.) (6)

where R=(8.314 472 +0.000 015) J-mol ! . K ~! is the molar gas constant,
and B, C, and D are the density virial coefficients. This leads to the expression

Cp)/C0)=[1+34,po(1 + Ppo+yp5+0pa+ )1/ (1 +krRTpo/3)
(7)
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Here, we have used the definitions

po=p/(RT)
B=—B+b+4,
y=—C+2B>—24,B—2Bb+ A>+24,b+c
§=—D+5BC—5B3+ f(A,, b, c,d)

(8)

When the right-hand side of Eq. (7) is expanded, the coefficient of p, is
3(A,—k+RT)9). Thus, the term k+RT/9=(2.81+0.11) x 1073 cm?® - mol ~!
behaves as a correction to A,. For methane (4,~6.55cm?®.mol~"'), this
correction for the compressibility of the superinvar is equivalent to 0.043 %
of A, and its uncertainty is equivalent to 0.0016% of A,. For helium
(A,~0.517 cm®.mol '), this correction is 13 times more important.

3. INSTRUMENTS AND MATERIALS

Here, we consider how the measurements of pressure, temperature,
and capacitance contribute to the uncertainty of the results. The effects of
possible impurities in the test gases are also considered.

3.1. Pressure

During the dielectric constant measurements, the pressure of the gas
surrounding the capacitor was set by a DH Instruments Model PPCK
pressure controller/calibrator. Two DH Instruments® Model RPM-1
pressure sensors were used to monitor the pressure in the manifold. One of
the sensors was better behaved, and its readings were used to prepare
Table 1. Both pressure sensors were fully calibrated at the beginning and
near the end of the 2-month-long interval used to obtain the data. Partial
calibrations were conducted twice during the interval and at the end of the
interval.

The standard for the calibration was a DH Instruments Model
PG7001 piston gage used in the absolute pressure mode with piston-cylin-
der set No. 360. The uncertainty of the piston gage measurements was
dominated by the 27-ppm uncertainty of the effective area of the gage

3 To describe materials and experimental procedures adequately, it is occasionally necessary
to identify commercial products by manufacturer’s name or label. In no instance does such
identification imply endorsement by the National Institute of Standards and Technology,
nor does it imply that the particular product or equipment is necessarily the best available
for the purpose.
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(1 ppm =1 part in 10%) The uncertainties of the masses, the local accelera-
tion of gravity, and the pressure head were much smaller. The manufac-
turer’s specification for the total uncertainty was “30 ppm + 4 Pa.”

The sensors were calibrated in a series of 1-MPa steps, first increasing
from 1 to 7MPa and then decreasing back to 1 MPa. Approximately
15 min was allowed for equilibration between steps. A linear regression was
used to represent the calibration data. Between the calibrations, the scale
factor of the better sensor changed by 7 ppm or less and its zero-pressure
intercept changed by 130 Pa or less. These changes were correlated such
that the maximum change between calibrations was 55 Pa at 7 MPa. The
deviations from the linear regressions were systematic; the sensor readings
were lower than those for the standard when the pressure was increased,
and they were higher than those for the standard when the pressure was
decreased. Consistent with this hysteresis, the pressure sensor had a
positive reading under vacuum at the start of each measurement cycle and
a negative reading under vacuum at the end of each cycle. The largest
deviation from the calibration function was 102 Pa, and the root mean
square (rms) deviation was 64 Pa. This hysteresis propagated into the data
for e(p, T), where its size was approximately the product (64 Pa)x
(0¢/0p)r, which ranges from 3.6 x 102 for helium to 7 x 10~7 for carbon
dioxide.

In summary, we estimate that the uncertainty of the pressure
measurements was the quadrature sum of three terms: 30 x 10 =% from the
uncertainty of the standard, 55 Pa from changes of the calibration function
between calibrations, and 64 Pa from the rms deviations of readings from
the calibration functions. We represent this uncertainty as (3 x 10 ~°p +
84 Pa).

3.2. Temperature

The cross capacitor was enclosed in a pressure vessel that was immer-
sed in a stirred oil bath. Whenever gas was admitted into or removed from
the pressure vessel, we waited 3 to 7 h (depending upon the gas being
studied) for the capacitor temperature to return to the bath temperature.

The capacitor temperature was inferred from two temperature probes,
one immersed in the bath and the other between the flanges of the pressure
vessel. Both probes were calibrated in the bath using a long-stemmed
standard platinum resistance thermometer that had been calibrated on
ITS-90. The largest uncertainty in the temperature measurements resulted
from temperature gradients within the bath. The gradients were measured
by moving a thermistor to 14 locations in the bath surrounding the
pressure vessel. In one arrangement of the bath, the standard deviation of



Dielectric Constant of Natural Gas Components 869

the thermistor temperatures was 3.9 mK (corresponding to 12 x 10 ~67"); in
another arrangement it was 2.5 mK. In either case, the relative uncertainty
of the temperature was much smaller than the relative uncertainty of the
pressure. Therefore, the uncertainties of the temperature made a negligible
contribution to the uncertainty of &(p, T').

All of the data were taken when the bath was within 20 mK of
50.00°C. In Table I, the results are reported at exactly 50°C. The derivative
(0p/0T), used to adjust the measured pressures to the tabulated pressures
was taken from the recommended equations of state in NIST Standard
Reference Database 12, Version 5.0 [11].

3.3. Capacitance

All capacitance measurements were made using an automated bridge
(Model AH-2500A, Option E) manufactured by Andeen-Hagerling Inc.
The manufacturer provided the following specifications: “accuracy of
3 ppm,” “true resolution of 0.5 aF and 0.07 ppm,” and “stability better than
0.5 ppm/year.” The bridge was frequently self-calibrated according to the
manufacturer’s instructions.

Coaxial cables with grounded shields led from the bridge to an array of
coaxial relays (Model 7102; Matrix Systems, Inc.). During each capacitance
measurement, all of the conductors were grounded via the relays except the
two electrodes that were connected to the bridge. The capacitance bridge
also measured the conductance associated with the capacitor and its cables.
Typically, the conductance was equivalent to a leakage resistance of 10'2Q
in the coaxial cables.

In the present work, &(p, T') was computed from capacitance ratios
C.(p)/C,(0), where C,(p) was the cross capacitance at pressure p and
C,(0) was the cross capacitance under vacuum. Because of the time
required for thermal equilibration, a measurement cycle took a few days.
Thus, the stability of the bridge during these intervals was important. The
cross capacitance was computed from the weighted average of Crgy and
Cio. These capacitances were low, and their changes were small when they
were filled with gas under pressure. (For CO,, the ranges were 0.718 pF <
C1p <0.751 pF and 0.518 pF < C; <0.546 pF; the ranges were smaller for
the other gases.) Thus, the bridge noise and its linearity for small capacitance
changes were also important.

The standard deviation of each bridge reading was 0.11 aF or, frac-
tionally, 0.2x 1075 To reduce noise, each capacitance “measurement”
was usually computed from the average of 20 readings of the bridge. In
Ref. 7 we reported the results from measuring C,(0) during an 84-day-long
interval. The data were fit to a linear function of time. We found that
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(dC, /dtime)/C, = (0.74 + 0.69) x 10 "¢ year ~!, and the deviations from the
fit had a standard uncertainty of 0.17 aF. These observations show that the
stability of both the bridge and the cross capacitor was satisfactory.

Our ability to test the linearity of the bridge for small increments was
very limited. In one test, we used two cross capacitors under vacuum. First,
four capacitance measurements (Cytg, Corg, Ci1o, Caro) Were made. Then
pairs of the capacitors (such as C,t5 and C,rg) Were connected in parallel,
and sums (such as C;1g + C,rg) Were measured. The difference between the
computed sum and the measured sum was typically 2.5 aF or, fractionally,
2.0 x 10=%. This difference was much larger than the noise of the measure-
ment but certainly smaller than the manufacturer’s specification: “accuracy
of 3 ppm.” The performance tests made with helium (Section 4) also tested
the capacitance bridge. Over the very limited range of capacitances (0.7181 pF
< Crp<0.7206 pF and 0.5185 pF < C;5<0.5203 pF), the measured values
of C(p)/C,(0) had an rms deviation of 0.14 x 10~% from the calculated
values. This test did not use fitted parameters; thus, it rigorously tested the
entire measurement system.

Because ¢(p, T') was computed from capacitance ratios, we expected
that its uncertainty would be ﬁ times the uncertainty of a single
capacitance measurement: 4.2 x 1075, The tests that we have described are
with this expectation. The results for helium (Section 4.1) are consistent
with ratio measurements that are approximately 10 times more accurate
than this.

3.4. Test Gases

All the test gases were used as purchased. Both the helium and the
argon were purchased from Matheson Gas Products. The vendor specified
that both gases had “99.9999 % minimum purity” by volume. The vendor
specified that the water content of the helium was <0.2 x 10~¢, by volume,
and the water content of the argon was <1x 107°, by volume. Both the
nitrogen and the methane were purchased from Messer MG Industries. The
vendor described both as “scientific grade” and specified their purity as
“>99.9995% by volume.” The vendor specified that the water content of
the nitrogen was <0.9 x 107% by volume, and the water content of the
methane was < 1.8 x 1076, by volume. The carbon dioxide was purchased
from Air Products & Chemicals, Inc. The vendor described the gas as
“Research Grade >99.995%"” and specified the water content as <35 x
10~°, by mole fraction.

In dielectric studies, water is a particularly obnoxious impurity
because its molar polarizability is comparatively large. For water vapor
near 50°C, A, ~ 68 cm®-mol ~'. This value of 4, is 10 times larger than the
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A, for methane and 130 times larger than the 4, for helium. If the methane
contained as much water as the vendor’s specification permitted, the
measured value of A4, for methane would exceed the value for pure methane
by the fraction 18 x 10 =%, Thus, the possible water content of the methane
is half as important as the uncertainty of the pressure measurements
(32x107° at 7 MPa). Similar remarks apply to helium, argon, and
nitrogen. However, if the CO, contained a mole fraction 5 x 10 ~¢ of water,
its molar polarizability would be overestimated by the fraction 46 x 10~
For CO,, the uncertainty of the water content is more important than the
uncertainty of the pressure measurements; however, both are less impor-
tant than the uncertainty of the equation of state because CO, was studied
near its critical temperature. Precautions were taken to avoid contaminat-
ing the test gases. The cross capacitor itself was made of superinvar and
sapphire. The capacitor was surrounded by an aluminum shield and sup-
ported on a superinvar plate. The pressure vessel was made of stainless
steel and sealed with copper gaskets. High-vacuum construction techniques
were used. Thus, threaded holes were vented and the coaxial cable within
the pressure vessel was insulated with loosely fitting glass beads. The
manifold leading from the cylinders suppling gas to the pressure vessel was
made almost entirely of metal. A trap protected the manifold from back-
streaming vacuum pump oil. No polymers were used within the pressure
vessel; however, the commercially manufactured pressure controller does
contain polymer valve seats, and these could not be baked. Before the con-
troller was used, it was repeatedly flushed with each test gas.

Each measurement cycle began with the capacitor evacuated. Typi-
cally, the pressure was raised in 1-MPa steps up to 7 MPa and then
lowered in 1-MPa steps. Following each pressure change, an interval of 3
to 7h elapsed to allow the capacitor to return to thermal equilibrium.
Thus, a complete cycle of 12 steps took several days. With each test gas,
at least two complete measurement cycles were conducted. The data from
the last cycle are reported in Table I; however, no significant differences
between the last two cycles were ever detected.

4. PERFORMANCE TEST OF THE CROSS CAPACITOR

4.1. Measurements of C, Under Helium Pressure

We tested the entire measurement system comprising the cross
capacitor, the capacitance bridge, and the instruments to measure the tem-
perature and the pressure. For this test, we measured the cross capacitance
C,(p) as a function of the pressure when the capacitor was filled with
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Fig. 3. Differences between calculated and measured cross capacitance as a function of
pressure of helium. During each run, the pressure was increased from 0 to 7 MPa and then
decreased to either 1 or 0 MPa. Incomplete runs are not plotted.

helium. (Temperature-dependent tests are reported in Ref. 7.) Figure 3 dis-
plays the fractional differences between the measured values of C,(p) and
those calculated using C,(0), k1, and the data for the properties of helium
taken from the literature. The rms fractional difference is 0.27 ppm. Thus,
the entire measurement system behaved as expected, almost within the
reproducibility of the measurements. The measurements shown in Fig. 3
were made in seven “runs” during a 2-week-long interval. We emphasize
that no parameters were fitted to the helium data in comparing the
measurements with the calculations. We now describe this performance test
in more detail.

At each value of the pressure where C,(p) was measured, the density
and the dielectric constant were eliminated numerically from Egs. (2), (5),
and (6) to obtain predicted values of C,(p) that are denoted C, ..(p).
This procedure requires values for all of the properties of helium that
appear in Egs. (2), (5), and (6). The procedure also requires two properties
of the capacitor, k+ and C,(0). We now consider the sources and uncer-
tainties of these values.

For this test, the most important properties of helium are 4, and B.
Both A, and B can be calculated more accurately ab initio than they can
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be measured. We used the ab initio value 4,=(0.517 2539 +0.000 0010)
cm?®.mol~! that was recently calculated by Pachuck and Sapirstein [12]
and, independently, by Cencek et al. [13]. We used the ab initio value
B(50°C) =(11.703 +0.025) cm®- mol ! from Hurly and Moldover [14].
We used the values C=(102.5+2.9)cm®.- mol=2 and D =(729 +94) cm® -
mol ~3 from Blancett et al. [ 15]. Two recent calculations and an experiment
are consistent with 5(50°C) = (—0.06+0.01) cm®-mol ~! [16]. White and
Gugan [ 17] reviewed the measurements of the dielectric viral coefficients of
helium and recommended the value ¢ =(—1.75+0.15) cm®- mol ~2 for use
near 298 K. To describe the sensitivity of the calculated values of C,(p) to
the properties of helium, we list the fractional change in C, ...(7 MPa)
upon increasing each property by its uncertainty: 4,, 0.06 ppm; B,
0.24 ppm; C, 0.07 ppm; D, 0.01 ppm; b, —0.10 ppm; and ¢, 0.00 ppm.

As discussed in Section 2.2, the uncertainty of kr is equivalent to
1.1 x 10=* cm? - mol ~'. This uncertainty contributes 0.80 ppm to the uncer-
tainty of C,(7 MPa), far more than all the contributions from the proper-
ties of helium. If k1 were seriously in error, the deviations in Fig. 3 would
have an easily-seen linear pressure dependence.

The uncertainties of the experimental values of C,(p, T') depend upon
the uncertainties of the measured capacitance, pressure, and temperature.
Among these uncertainties, we expected that the uncertainty of the
capacitance bridge (3 ppm) would be the most important. The deviations
in Fig. 3 are much smaller than 3 ppm, showing that the ratios C,(p)/C,(0)
were more accurate than a worst-case expectation. However, the hysteresis
of the deviations resulted from the pressure transducer, and by elimination
of other factors, we concluded that the pressure-dependent trends in the
deviations resulted from small imperfections of the capacitance bridge. The
experimental values of C,(p) also depend upon the weight w used in
Eq. (1) to compute the cross capacitance from its component capacitances.
If w were increased by 0.01 from its optimum value 0.4476, C, would
increase by 0.22 ppm x p/(7 MPa).

The density and diclectric virial equations are truncated expansions.
Possible errors resulting from the truncation can be assessed by examining
successive terms. In this work at 50°C, the highest density of helium was
2529 mol - m ~3. Under these conditions, the terms Bp, Cp?, and Dp? in the
pressure series [ Eq. (6)] are 0.029, 0.000 66, and 0.000 012, respectively.
The terms bp and cp? in the molar polarizability series [Eq. (2)] are
—0.00022 and 0.000011. Both series converge rapidly, and their last
retained terms change the calculated values of C,(7 MPa, 50°C) by less
than those caused by the uncertainties of k1, 4,, and B.

In summary, the largest systematic uncertainty C, ...(p) comes from
the uncertainty of the parameter k; that determines the capacitor’s
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response to hydrostatic pressure and the largest uncertainty in the
measured values of C, comes from the capacitance bridge. The values of
|Cx — C,. carc| are smaller than we expected.

4.2. Pressure Dependence of Cy5/Cio

If the geometry of the cross capacitor and its shiecld were stable,
the ratio Crg/Cio would be independent of pressure, temperature,
and the dielectric constant of the gas. As Fig. 4 shows, Crp/Cio decreased
as the pressure increased and C1g/C;o had hysteresis. We do not under-
stand the origin of either behavior; however, neither behavior influenced
the results for C,.

The data for Crg/Cio fell into two groups. During most runs, the ratio
behaved as illustrated for argon and CO, in the upper panel in Fig. 4.
When the pressure was increased from vacuum to 7 MPa, the ratio
decreased from 1.38508 by 0.00007, independent of the gas under study.
Using the horizontal axis in Fig. 4, the hysteresis of the ratio was equiv-
alent to 300 kPa or less. On occasion, notably during the interval June 26
to July 13, 2000, the ratio behaved as illustrated by the data for methane
and for helium, run 10. The ratio decreased by only 0.00003 and showed
hysteresis equivalent to 2 to 3 MPa. During helium run 12, the thermostat
went out of control, and by the end of the measurement cycle, the bath was
at 50.5°C. At the end of that run, the ratio Cr5/C;o Was 1.38505, and it did
not return to its initial value (1.38508) until the temperature returned to
50°C.

The lower panel in Fig. 4 shows that the pressure dependences of Cy
were similar (to within a few parts in 107) during helium runs 10 and 12,
even though the ratio Crg/Cio differed by as much as 500 parts in 107
between the same runs.

In summary, Sections 4.1 and 4.2 demonstrate that the measured
pressure dependence of C, agreed with that calculated using Eq. (5) and
the measured value of kr. This agreement occurred in spite of the
unexplained pressure dependence and hysteresis of Crg/Cio.

4.3. Other Tests

In Ref. 7, we described measurements of the average temperature
dependence of C, over the interval 7 to 50°C. The result was {(dC,/dT)/
C.>=(54+04)x10"8K~!, which is close to the negative value —10 x
10~8 K ~! that we calculated from the cross-capacitor design and published
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Fig. 4. Top: Measurements of the ratio Cr3/C)o as a function of pressure. The data for
methane and helium, run 10, have a weaker pressure dependence and more hysteresis than the
other data. The arrows indicate the order of the data for helium, run 12. During that run, the
thermostat went out of control, and at the end of the run, C5/C)o did not return to its initial
value. Bottom: Differences between measured and calculated values of C, for two helium runs.
The values of C, were not affected by the different behaviors of Cry/Cyo during the two
helium runs.

data for superinvar and sapphire. These values are much smaller than the
linear coefficient of thermal expansion of most metals (e.g., 1800 x 10~%
K ~! for typical stainless steels). Reference 7 also describes measurements of
&(p, 7°C) extending up to 3 MPa. The results of these tests are entirely
consistent with the behavior presented here.
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5. RESULTS FOR TEST GASES

Our results for ¢(p, 50°C) appear in Table I. We computed ¢ from
Eq. (5) using the value of C, at the beginning of each measurement cycle.
The negative value of 100 x (¢ — 1) at the end of the measurement cycle for
nitrogen indicates that the final value of C, was slightly smaller than the
initial value. The tabulated pressures are the readings of the pressure trans-
ducer corrected by a calibration function (see Section 3.1) and corrected to
50°C (Section 3.2). Because the calibration function averaged over the
transducer’s hysteresis, the corrected pressures could be slightly negative at
the end of a measurement cycle. This explains the negative pressures for the
methane and helium runs in Table 1.

The results in Table I can be used as reference data to test the perfor-
mance of systems, such as reentrant resonators, designed to measure
&(p, T). If the tests are made with helium, we recommend using calculated
reference values of ¢(p, T'), as we did in Section 4.1.

6. COMPARISON WITH RESULTS FROM THE LITERATURE

6.1. Methane

Because methane is the predominant component of natural gas, there
are tabulated data for &(p, T') that can be compared with our own data. In
Fig. 6, we plot [(¢—1)/(¢+2)]/p for methane as a function of p along
isotherms. In these variables, ¢(p, T') data spanning very wide temperature
and pressure ranges collapse almost perfectly onto a single curve. The zero-
pressure limit of this curve is A4,; the slope of the curve in the limit of zero
pressure is 4,b. [ See Eq. (2).] The experimental uncertainty of the ordinate
diverges as 1/p = RT/p as the density approaches zero.

Figure 6 displays the low-density portion of the &(p, T') data tabulated
by two groups: Straty and Goodwin [ 18] and Malbrunot et al. [ 19]. Both
groups concentrated their efforts at higher densities and much higher
pressures than in the present study (up to 28 mol-dm =3 at 34 MPa in
Ref. 18 and 33 mol-dm ™3 at 710 MPa in Ref. 19), and their uncertainties
at the lower densities exceed our uncertainties. To prepare Fig. 6, we con-
verted the data from Ref. 18 to the ITS-90 and we calculated the densities
for all the data using the equation of state from Ref. 20 as implemented in
Ref. 11.

Straty and Goodwin estimated that the uncertainty of their polariza-
bilities was +0.15% at low densities and 0.1 % at higher densities. These
uncertainties are shown by error bars on two of their data in Fig. 6.
Malbrunot et al. fitted their data; the resulting curve is plotted. The error
bar attached to the low-pressure end of their curve is the uncertainty they
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attributed to 4,, +0.002 cm®-mol~'. Although the Straty and Goodwin
data are on several isotherms, their scatter in the range spanned by Fig. 6
is comparable to the uncertainty of the single isotherm of Malbrunot et al.
The present data for methane are bracketed by the curve of Malbrunot
et al. and by the data of Straty and Goodwin. In the worst case (the lowest
density), the uncertainty of the present data corresponds to +0.0008 cm?-
mol !, and this is smaller than the plotted squares. We believe that A,
(which is the zero-pressure intercept of the data in Fig. 6) is more
accurately determined by the present data than by the data from the
literature. In Section 6.4, we conclude that the present value of b is also
consistent with, but less accurate than, the literature values for methane.

6.2. Conversion of Pressure to Density

Except for methane, we were unable to compare directly our results
for &(p, 50°C) with previous measurements because the earlier results are
not tabulated. Instead of tabulated data, several authors have published
values of A,, B,=bA,, and C,=cA,. To obtain these coefficients from our
data, we had to convert the data from ¢(p, 50°C) to &(p, 50°C) and fit the
ratio (¢ —1)/(¢+2)= gpp to polynomial functions of the density. Table II
compares the resulting values of A,, b, and ¢ with previously published
values.

Ideally, we would have converted pressure to density using equations of
state that were optimized for the range of the present data. Generating such
equations is beyond the scope of this work. Instead, we used the wide-range
equations in NIST Standard Reference Database 12, Version 5.0 [11]. For
some gases, NIST12 recommends one equation of state and provides several
others. We used the recommended ones, which came from the following
sources: methane [20], argon [21], carbon dioxide [22], and nitrogen
[23]. The conversion was done with a precision of six significant figures.

The conversion from pressure to density introduces the uncertainties
of the equations of state into the determination of » and c¢. To estimate
these uncertainties for b, we noted that our measurements of C,(p) deter-
mine A, and f in Eq. (7) very accurately. Equation (8) then implies that
the uncertainty of » will be comparable to that of the density virial coef-
ficient B. For argon, nitrogen, and methane, reliable values of B near 50°C
from different laboratories are bracketed by +0.15, 0.2, and +0.35 cm?-
mol ~!, respectively [24]. These values appear in parentheses in Table IT
as contributions to the uncertainty of b. These values may be too large
because the equation of state is known more accurately than its com-
ponents, Bp, Cp?,.., and it is the equation of state itself that we used
when determining b. For helium, we used the ab initio value of B and its
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uncertainty, 0.025 cm?®-mol ~! [14]. Except for CO,, the present data are
at densities that are too low to determine ¢. Thus, we did not estimate how
the conversion from pressure to density increased the uncertainty of c.

For CO,, estimating the uncertainty of b from that of B is risky
because the 50°C isotherm is near the critical temperature (7.~ 31°C) and
the useful range of the virial equation is comparatively narrow. Instead, we
estimated the effects of the equation-of-state uncertainties by analyzing our
data using three equations of state, one [22] recommended by NISTI12
and two [25] others. In Table 11, we report the values of 4,, b, and ¢ that
we obtained using the recommended equation of state, together with the
standard deviation of the values obtained using all three equations of state.
With the recommended equation of state, the values of 4,, b, and ¢ did not
change when we reduced the range of the fit from 5 to 3.8 MPa. This was
not true for the other two equations of state.

6.3. Fitting &(p, 50°C)

When fitting (¢ — 1)/(e +2) to polynomial functions of the density, we
weighted all of the values of (¢—1)/(e+2) equally. The fitting routine
returned the values of A,, b, ¢, and their standard uncertainties which are
listed in Table I1. [ The routine also returned Cy(p =0). These values were
close to the expermental values; they are not tabulated. ] In effect, the poly-
nomial fits were averaged over the hysteresis in the data.

Table II contains two rows labeled “this work” for argon, methane,
and nitrogen. For these gases, the first row came from a quadratic fit with
the constraint ¢ = 0; the second row came from a fit without this constraint.
Upon relaxing the constraint ¢ =0, the values of 4, changed by more than
their tabulated uncertainties. These larger changes show the effect of trun-
cating the dielectric virial expansion; they are better estimates of the uncer-
tainties of A4, than the uncertainty provided by either fit alone.

The lower plots in Fig. 5 display the deviations of our data from the
coefficients in Table II. For CO,, a cubic equation was used for the plot;
for the other gases, quadratic equations were used. The deviations for
methane and CO, are approximately twice as large as the deviations for
argon, nitrogen, and helium. The deviations for methane and CO, are
larger primarily because the equations of state of these gases are less
accurate and, to a lesser degree, because (0g/0p)y is larger for these gases.

6.4. Comparisons of 4., b, and ¢

The present work is optimized to determine A,. Because A, is a
property of a single molecule, its value is independent of the equation
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Fig. 5. Top: Dielectric constant as a function of pressure for five gases. Bottom:
Differences between the measured dielectric constant and their representation by
Eq. (2) using the coefficients in Table II and equations of state [11] to convert

pressure to density.
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of state and it is nearly independent of temperature. This permits us to
compare values of 4, determined on different isotherms. For helium, the
present value of 4, agrees with the very accurate ab initio value [12]. For
argon, the present value of A, agrees with two less precise values, one
reported by Orcutt and Cole [26] and a second obtained by one of us
using a reentrant resonator [2]. For nitrogen, the present value of A4,
almost agrees with the value reported by Huot and Bose [27].

It is noteworthy that seven of the values of A4, in Table II do not agree
with the present values (and in the case of helium, the ab initio value)
within the combined uncertainties. For these seven, the gases and citations
are as follows: methane, Malbrunot et al. [ 19]; argon, Vidal and Lallemand
[28] and Huot and Bose [29]; and helium, Huot and Bose [29], Bose
and Cole [30], and Kirouac and Bose [31]. Measured values of 4, could
be in error if the deformations of the capacitors under pressure did not
conform to those calculated from their designs. (Six of these seven values
of A, are larger than the present values.) Alternatively, the uncertainties
ascribed to the published values of A, could be too small. This alternative
was the conclusion of Malbrunot et al. [ 19] when assessing the uncertainty
of their own results for methane. They stated that their value of 4, [(6.551
+0.002) cm®-mol~' at 298 K] agrees “within the experimental uncer-
tainty” with the value [(6.541 +0.003) cm®- mol~! at 322.5 K] that Bose
et al. [32] had reported much earlier.

Table II lists the literature values of b=B,/4, and ¢=C,/A,, and
their uncertainties, as provided by the various authors. Most of the pub-
lished values of B, and C, were obtained using an expansion method. The
expansion methods employ two or three nearly identical capacitors enclosed
in nearly identical pressure vessels to obtain values of b and ¢ that are,
theoretically, only weakly dependent on the equation of state [33, 34]. In
most cases, the reported uncertainties resulted from fitting the expansion
data and they do not include explicit contributions from systematic effects
such as adsorption (to which the cross capacitor is insensitive), hysteresis
in pressure transducers, and unexpected pressure dependences of the
capacitors (which we encountered in the ratio Crg/Cio).

For methane, Bose et al. [32] published values of 4., B,, and C, at
280, 323, and 373 K. We used these values to plot the three smooth curves
labeled “Bose et al.” in Fig. 6. We varied A4,, B,, and C, within their uncer-
tainties to obtain the error bars that are attached to the ends of these
curves. (These error bars may be too small, according to Malbrunot et al.’s
remark, quoted above [19].) These three curves have a small temperature
dependence at low densities that the authors attributed to a real temperature
dependence of B, [32]. In contrast, the data of Straty and Goodwin,
spanning an equally wide temperature range, do not show a temperature
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Fig. 6. Methane results from various sources. The plotted symbols were calculated using the
equation of state from Ref. 20 and the &(p, T') data from this work, Straty and Goodwin [ 18],
and Malbrunot et al. [19]. The curves represent Eq. (2) using the values of 4,, b, and ¢ from
Bose et al. [32] and Malbrunot et al. [19].

dependence. In Fig. 6, the slope of our data is steeper than the curves
representing the results of Bose et al. and Malbrunot et al. However, points
plotted in Fig. 6 relied upon the equation of state. The equation of state
contributes an uncertainty of approximately 0.35 cm®-mol~! to the uncer-
tainty of the slope and to our value of . Considering this, our value of b
is consistent with the literature for methane; however, our uncertainty is
larger than the uncertainties claimed by Malbrunot et al. and by Bose et al.

For argon and nitrogen, the early values of B, from Orcutt and Cole
[26] are inconsistent with the more recent values of Huot and Bose [27,
297]. The latter authors noted that their data extended to higher pressures
(40 vs 10 MPa) and argued that “as Orcutt and Cole did not get a signifi-
cant contribution of the C, term, there may be a hidden contribution from
C, in their B, value.” For argon and nitrogen, our data extend to 7 MPa
and lead to values of b that are consistent with the later values, whether or
not we fit for c.

Our data for methane, argon, and nitrogen can barely determine the sign
of ¢ because of the low densities that we used. (Table II) This is consistent
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with the very small deviations that we obtained when fitting these
data with the constraint ¢ =0. (See the lower panel in Fig. 5.) The data of
Vidal and Lallemand [28] for argon and nitrogen extend to 1200 MPa, a
pressure 170 times higher than we attained. Thus, they determined ¢ with
some precision even though their uncertainties were dominated by the
imprecision of the density, which was 0.1% at pressures below 100 MPa
and 0.3% above 100 MPa. Huot and Bose used the expansion method to
determine b and ¢ for argon [29] and nitrogen [27].

For CO,, our values of A4,, b, and ¢ agree with those of Bose and
Cole [30]. Most likely, our value of A4, is the more accurate. Bose and
Cole claim smaller uncertainties for their values for » and ¢ than we do.
If they had discussed the uncertainties from the equation of state and
adsorption, their claim would have been stronger [ 34].
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